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ABSTRACT

For a large class of Banach spaces, a general construction of subspaces
without local unconditional structure is presented. As an application it
is shown that every Banach space of finite cotype contains either I3 or
a subspace without unconditional basis, which admits a Schauder basis.

Some other interesting applications and corollaries follow.

Introduction

In this paper we present, for a large class of Banach spaces, a general con-
struction of subspaces with a basis which have no local unconditional structure.
The method works for a direct sum of several Banach spaces with bases which
have certain unconditional properties. It is then applied to Banach spaces with
unconditional basis, to show that if such a space X is of finite cotype and it does
not contain an isomorphic copy of I3, then X contains a subspace with a basis
and without local unconditional structure. As an immediate consequence we get
that if all subspaces of a Banach space X have unconditional basis then X is I,
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saturated (i.e., every infinite-dimensional subspace of X contains a copy of I3).
In particular, if X is a homogeneous Banach space non-isomorphic to a Hilbert
space (i.e., X is isomorphic to its every infinite-dimensional subspace) then X
must not have an unconditional basic sequence.

We also discuss several other situations. Let us only mention here that our
method provides a uniform construction of subspaces without local unconditional
structure which still have Gordon-Lewis property in all L, spaces for 1 < p < o0,
p # 2, and in all p-convexified Tsirelson spaces and their duals 1 < p < .

The technique developed here is based on the approach first introduced by
W. B. Johnson, J. Lindenstrauss and G. Schechtman in [J-L-S] for investigating
the Kalton-Peck space, which was the first example of a Banach space which
admits 2-dimensional unconditional decomposition but has no unconditional ba-
sis. This approach was refined by T. Ketonen in [Ke] and subsequently general-
ized by A. Borzyszkowski in [B], for subspaces of L,, with 1 <p < 2.

The essential idea of the approach from [J-L-S], [Ke] and [B] is summarized
(and slightly generalized for our purpose) in Section 1. In the same section we
also introduce all definitions and notations. QOur general construction is presented
in Section 2. The additional ingredient which appears here consists of an ordered
sequence of partitions of natural numbers, which allows to replace some “global”
arguments used before by “local” analogues. In Section 3 we prove the main
application on subspaces of spaces with an unconditional basis. Other applica-
tions and corollaries are discussed in Section 4.

After this paper was sent for publication we learnt about a spectacular
structural theorem just proved by W. T. Gowers. This theorem combined with
our Theorem 4.2 and a result from [G-M] shows that a homogeneous Banach
space is isomorphic to a Hilbert space, thus solving in the positive the so-
called homogeneous space problem. More details can be found in the paper by
Gowers [G].

1. Notation and preliminaries

We use the standard notation from the Banach space theory, which can be found
e.g., in [L-T.1], [L-T.2] and [T], together with all terminology not explained here.
In particular, the fundamental concepts of a basis and a Schauder decomposition
can be found in [L-T.1], 1.a.1 and 1.g.1, respectively.

Let us only recall fundamental notions related to unconditionality.
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A basis {e;}; in a Banach space X is called unconditional, if there is a constant
C such that for every = 3, t;e; € X one has || 3. e5t;e;l < Cllz|, for all
g; ==+1for j =1,2,.... The infimum of constants C is denoted by unc ({e;}).
The basis is called 1-unconditional, if unc ({e;}) = 1.

A Schauder decomposition {Z}, of a Banach space X is called C-unconditio-
nal, for some constant C, if for all finite sequences {zx} with 2, € Zj for all k, one
has || 3, exzill < C|| 3, 2|l For a subset K C N, by Yy denote 5pan [Zi)rek -

A Banach space X has local unconditional structure if there is C > 1 such
for every finite-dimensional subspace Xy C X there exist a Banach space F
with a 1-unconditional basis and operators up: Xg — F and wg: FF — X such
that the natural embedding j: Xy — X admits a factorization j = wpup and
luoll llwoll £ C. The infimum of constants C is denoted by lu.st (X).

We will also use several more specific notation. Let F be a Banach space with
a basis {fi};. For asubset A C N, by F' |4 we denote 5pan[fi]ic4. If F' is another
space with a basis {f/}i, by I: F — F’ we denote the formal identity operator,
Le., I(z) =Y, tuf], for ¢ = 5, t:f; € F. With some abuse of notation, we will
occasionally write ||I: F — F'|| = co when this operator is not bounded.

We say that a basis {f;}; dominates (resp. is dominated by) {f/};, if the oper-
ator I: F — F’ (resp. I: F' — F) is bounded. If the bases in F and F’ are fixed

and they are equivalent, by equiv (F, F’) we denote the equivalence constant
(1) equiv(F, F') = ||I: F — F'|||I: F' — F|;

and we set equiv (F, F') = oo if the bases are not equivalent.

By D(F @& F') we denote the diagonal subspace of F' & F’, i.e., the subspace
with the basis {(f; + f})/||f; + f;|I};; an analogous notation will be also used for
a larger (but finite) number of terms.

The following proposition is a version of a fundamental criterium due to
Ketonen [Ke] and Borzyszkowski [B]. Since a modification of original arguments
would be rather messy, we provide a shorter direct proof.

PrOPOSITION 1.1: Let Y be a Banach space of cotype r, for some r < 0o,
which has a Schauder decomposition {Zy}r, with dim Z, = 2, for k = 1,2,....
IfY has local unconditional structure then there exists a linear, not neccessarily
bounded, operator T: span [Zi|r — span [Z] such that

(i) T(Zk) C Zy fork=1,2,..;
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(il) Whenever for some K C N and for some C > 1, the decomposition { Zy }re i
of Yi is C-unconditional, then

(2) IT |yy: Y — Yk|| < C%p Lust (Y),

where ¢ = 9(r,C.(Y)) depends on r and the cotype r constant C.(Y) of
Y only;
(iii) infy [T |z, — Mz,|| > 1/8, for k=1,2,....
The proof requires a fact already used in a more general form in [B]. For sake
of completeness and clarity of the exposition, we sketch the proof here.

LEMMA 1.2: Let Y be a Banach space of cotype r which has local uncondi-
tional structure, and let ¢ > r. For every ¢ > 0 and every finite-dimensional
subspace Yy C Y there exist a Banach space E with a 1-unconditional basis
which is g-concave, and operators u: Yo — E and w: E — Y such that the
natural embedding j: Yo — Y admits a factorization j = wu and ||u|||lw| <
(1+¢) Lust (Y). Moreover, the g-concavity constant of E satisfies M(g)(E) < ¢
where ¢ = ¢(r,q,C-(Y')) depends on r, ¢ and the cotype r constant of Y only.

Proof: Given € > 0 and Yj, let F be a space with a 1-unconditional basis {f;};
and let ug: Yy — F and wo: F — Y be such that j = woug and {Jwp]| ||ue| <
(1 +¢)Llust(Y). It can be clearly assumed that F is finite-dimensional, say
dim F = N. Let {f}}: be the biorthogonal functionals.

We let E to be RV with the norm || - || g defined by

I(t)ille = sup flwo(Peitifi)|l for (t:) € RY.
S.'::El i

We also set, u(z) = (fi*(uox))i, for x € Yy and w((ti)i) = Y . tiwofi, for
(t;) € E.

It is easy to check that wu(z) = z, for z € ¥; and that ||ul| < ||wol| l|luel| and
lw|| = 1. Clearly, the standard unit vector basis is 1-unconditional in E. Using
the cotype r of Y, it can be checked that E satisfies a lower r estimate with
the constant C,.(Y). Thus E is g-concave for every ¢ > r with the g-concavity
constant M) (E) depending on g, r and C,(Y) (cf. [L-T.2] 1.£7). ]

Proof of Proposition 1.1: Assume that Y has the local unconditional structure.
It is enough to construct a sequence of operators T,,: span[Zi]r — span [Zg],
such that for every n, the operator T,, satisfies (i) and
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(i’) if K, C {1,...,n} and the decomposition {Zi}ek, of Yk, is C-uncondi-
tional, then ||T |y, : Yk, — Yk, | < C%¢ Lust (Y);
(iii") infy | Tn |z, — Mz, )| > 1/8,for k=1,2,...,n
Then the existence of the operator T will follow by a standard diagonal construc-
tion.
Fix n and € > 0, set ¢ = 2r. Let E with a l-unconditional basis {e;}; and

operators u: Y{;, .. n} — E and w: E — Y be given by Lemma 1.2, such that

j =wu and [Ju]]]lw]] < (1 + ¢) Lust (Y); moreover, E is 2r-concave.

Let Pi: Y — Z; be the natural projection onto Zy, for ¥ = 1,2,.... For a
sequence of signs © = {6;}, with 8; = £1 for j = 1,2,..., define Ag: E — E by
Ae(y) = 3, 05tjej, for y=3_.t;e; € E. Then |[Agll =1.

For every k = 1,2,... pick a sequence of signs O such that
sup ll;\lf ”Pk’wAe’qu bl /\Iz,c ” S (4/3) llif HPkwA@,c qu - /\Iz,c “
e

Define T,: span[Zk], — span [Zg]i by

To(y) = ZPkwA@kqu(y) for y = sz € span [Zj|k.
k=1 &

Clearly (i) follows just from the definition of T,,. To prove (ii’), fix K,, C
{1,...,n}. Let ry denote the Rademacher functions on [0,1]. Since (E, || - ||)
is a 2r-concave Banach lattice with the 2r-concavity constant depending on r
and C,.(Y), and also the decomposition {Zy }rek, of Yk, is C-unconditional, by
Khintchine-Maurey’s inequality (cf. e.g., [L-T.2], 1.d.6) we have, for y € Yk,

ITn Iy, )] = HZ PrwAe, uPi(y ” = H Z PkwAekqu(y)“
keEK,
_ “ / re(t) pk)( > rk(t)wA@kUPk(y))dt“
kEK, keKn
< os;:gl”kEZK"rk(t)Pk”><||w|| /O ”keZKnrk(t)Ae,cqu(y)”dt
< oMl (X |Aekqu(y)12)1/2||
keEK,

il

e miul|[( X wrw)”|

kEK,
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< CM2||w||/01” 3 rk(t)qu(y)“dt
keK,

< oafulil [ 3 ropo)e
0 Tkek,

< C*M?2(1+¢) Lust(Y) |yl

The constant M depends on r and M(;,)(E), hence, implicitely, on r and C,.(Y);
so the function v so obtained satisfies the requirements of (ii).

To prove (iii’), fix an arbitrary k = 1,2,...,n. Consider the 4-dimensional
space H of all linear operators on Z; and the subspace Hy = span [Iz,] spanned
by the identity operator on Zi. Consider the quotient space H/Hp and for R € H,
let R be the canonical image of R in H/H,.

Denote the biorthogonal functionals to the basis {e;}; in E by {e}}; and
consider operators R; = Pyw(e} ® e;)uPy on Zx. Since dim R;(Z;) = 1 < 2, it
is easy to see that for every j = 1,2,..., one has

IR; | = inf |R; — Mz, |l > (1/2)lIR;].

Also recall that if F is an m-dimensional space then for any vectors {z;}; in
F one has

s [ 32052 | > @/m) 3 sl

This is a restatement of the estimate for the 1-summing norm of the identity on
F, m1(Ir) < m, and it is a simple consequence of the Auerbach lemma (cf., e.g.,
(1))

So by the definition of T,, and by the choice of ©, and the above estimates we
get

irl\lf |Tn |z, — Azl = (3/4) 81elpir/\1f | PrwAeuPr — Alz,||

= (3/4) sup S0 > (/9 IR

2 (1/8) YR > (/8 3 Rsll = (1/8)lz, |l = 1/8,

completing the proof. 1

Finally let us introduce notations connected with partitions of the set of natural
numbers N, which are essential in the sequel. A subset A C N is called an interval
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if it is of the form A = {i | k <i < n}. Sets A; and A, are called consecutive if
max A; <minAj;, for ¢,j = 1,2 and i # j. A family of mutually disjoint subsets
A = {Am}m is a partition of N, if {J,, Am = N.

For a partition A = {4, }m of N, by £{A) we denote the family

(3) LA)={LCN||LNnA,|=1form=1,2,...}.

If A’ = {A], }.» is another partition of N, we say that A > A’, if there exists a
partition J(A’, A) = {J }m of N such that

(4) minJ, <minJpy1 and A = U A;  form=12,....
j€Jm

In such a situation, for m = 1,2,..., K(A],, A) denotes the family
(5) K(A,,,A)={K CA,, | | KNA;|=1forj€ J,}.

Finally, if A; = {Aim}m, for i =1,2,..., is a sequence of partitions of N, with
A== Ay weset, form=1,2,...and i = 2,3, ...

(6) Kim = K(Aim, Di—1).

3

2. General construction of subspaces without local unconditional

structure

We will now present an abstract setting in which it is possible to construct spaces
without local unconditional structure, but which still admit a Schauder basis. As
it is quite natural, we work inside a direct sum of several Banach spaces with
bases, with each basis having certain unconditional property related to some
partitions of N. The construction of a required subspace relies on an interplay
between a “good” behaviour of a basis on members of the corresponding partition
and a “bad” behaviour on sets which select one point from each member of the

partition. (Recall that the notation X; ,,, used below was introduced in (6).)

THEOREM 2.1: Let X = Fy & --- @& Fy be a direct sum of Banach spaces of
cotype r, for some r < oo, and let {f;}; be a normalized monotone Schauder
basis in F;, fori = 1,...,4. Let Aq > --- > A4 be partitions of N, A; = {Ai m}m
fori=1,...,4. Assume that there is C > 1 such that for every K € K; ,, with
i=2,3,4and m = 1,2,..., the basis {f,  }iex in Fs|x is C-unconditional, for
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s =1,...,4; moreover, there is C > 1 such that fori = 1,2,3 and m = 1,2,...

we have

(7) IZ: Fi 4 = Firrla,nll < C.

Assume finally that one of the following conditions is satisfied:
(i) there is a sequence 0 < 6, < 1 with é,, | O such that for every i = 1,2,3
and m=1,2,... and every K € K41 m we have

(8) [I: D(F1 & ... ® F) |k = Fip1 Ixll = 65

(ii) there is a sequence 0 < 8, < 1 with 6,,, | 0 and 3" 63,{2 = v < oo such

that for every i = 1,2,3 and m = 1,2,... and every K € K;41,m we have
9) I Fiyr |k = Filxll > 65

Then there exists a subspace Y of X without local unconditional structure, but
which still admits a Schauder basis.

Remarks: 1. The space Y will be constructed to have a 2-dimensional Schauder
decomposition. If the bases {f;;}; are unconditional, for ¢ = 1,...,4, this
decomposition will be unconditional.

2. Recall that a space which admits a k-dimensional unconditional decompo-
sition has the GL-property (cf. [J-L-S]) (with the GL-constant depending on k).
Therefore the subspace Y discussed in Remark 1 above has the GL-property but

fails having the local unconditional structure.

Proof: We will define 2-dimensional subspaces Z, of X which will form a
Schauder decomposition of ¥ = spam [Zi]x. This decomposition will be C’-
unconditional on subsets associated with the partitions Ay, ..., Ay, for some C’
depending on C. We shall use Proposition 1.1 to show that if ¥ had the local
unconditional structure then, letting ¢ = ¥(r, C.(X)) to be the function defined

in this proposition, we would have
(10) Lust(Y) > k67

for an arbitrary ¢ = 1,2,...; in case (i) we have & > (21433C*4C%y)~! and
@ = 1/3; in case (i) we have x > (213(1 + 4y)C3C?¢)~"! and « = 1/2. This is
impossible, which will conclude the proof.
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For k =1,2,..., vectors 3 and y, spanning Z will be of the form
Ty = aixfietc+ogrfar,
Yo = oy pfieto oy fak,

such that for £k = 1,2, ... and any scalars s and ¢, we will have
(11) (1/2) max(|s|, [t]) < |lszi + tyell < 45| + [¢]).

Set Zy =[xk, yx], for k =1,2,.... Clearly, {Z¢}« is a 2-dimensional Schauder
decomposition for Y, in particular Y has a basis. Moreover, for every ¢ = 2, 3,4
and m = 1,2,... and every K € K;, the decomposition {Zi}rex is 4C-
unconditional.

Assume that Y has the local unconditional structure. Let T be an operator
obtained in Proposition 1.1. In particular, T satisfies (2) for every K € K; m,
and every i = 2,3,4and m =1,2,..... Let

g bk

Ck dk
denote the matrix of 7|z, in the basis {zx,yx}, for k = 1,2,..., i.e., we have
T(szr + tye) = (sar + tby)xr, + (sck + tdy)yr. Comparing the operator norm of

a 2 X 2 matrix with the [ -norm of the sequence of entries, and using (11), we
get that condition (iii) of Proposition 1.1 implies that, for all k = 1,2, ...,

(12) iI;fmax({ak — A, [dk = Al [k, [ee]) > 2—51311“ T |z, — Mz, | >278.

For the rest of the argument we consider cases (i) and (ii) separately. We start
with (i). Let v, = 6,1,{3, form=1,2,.... For k € Ay, witht =1,2,..., put

T = fi +yefae  +¥Efak

(13)
Y = fok +'/t2f4,k-

Obviously, (11) is satisfied. Fix an arbitrary t = 1,2,.... For i = 1,2,3, let
M; = {m||Aim C As:}. Note that (4) yields that min M, > ¢ for i = 1,2,3.
For every m € M pick B € K3 . By (8) we have

|I: Fi|g — Fa|Bl| 2 7.5
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on the other hand, ||fi,| = ||feull = |lI(f1,)ll- By continuity, there exists a

sequence of scalars { Ok }rep such that || 3, g Befiell = Land || Y c g Brforll =
~4; 1. Then, by (7) and (13) we have

HZ ﬁkxk” ”Z,kal,k” +%H26’°f3”°” +A2

keB
+ (nC +920)| L Befas]| < 382
keB

IN

Z ﬁkf4,k”

IN

while

NT(E ,kak)H = H Z Bxlarzy + Ckyk)“
k€B keB
“kEZB,BkakaH >Cc! Inf lex] HkEZB,kaZ,k” > C7 ! keing‘m [ckl.

This implies, by (2), that for every m € M there exists | € Ay, such that
1| < 342C3C2%y, Lu.st (V). Denote the set of these I’s by L, and observe that
Ly € L(A3) |m,- If we had |¢;] > 2710 for some | € Ly, then (10) would follow.
Therefore assume that |¢;] <271 for all ] € L,.

For every m € M3, set B = LyN A3 n. Then B € K3, and by (8) there exists
a sequence {0 }rep such that

So(eing))=r |32 80554 =

keB

Observe that the basis {{(f1,& + f2,6)/|Ifie + f2.kll}kep is 2C-unconditional for
every B € K3 ,. Thus,

“ > ﬂkfzk“ < ” 3" Belfue + fz,k)H <4cC.
keB keB

Hence,
|3 B < |32 Besan]| + 2| 32 Busas| < 20+ €,
keB keB keB
and
”T(Z 5kyk) ” = H Z B (bizi + dkyk)”
kEB keB
> 'nHZ Brb f3 kH >C 71yt inf o [bl.

k€L2NA3 m
keB
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Therefore, using (2) again, for every m € Mg pick | € Ly N A3, such that
|bi| < 42(4C + C)C3py, Lust (Y). Denote the set of these I’s by L3 and assume
as before that |b;| < 2710 for alll € L3. Moreover, L3 C Ly and L3 € L(A3) | pm,-

Finally, consider K = L3N As € K4, and pick a sequence {3 }rek such that

Jig+ foe + fae \|| _ o
Z 5k(||f1,k A fs,kH) H =1 and ” Z ﬁkf4,kH =73,

kEK keK

Since {(f1x + fox + fax )/ f1.6 + fo.6 + fa.xl|  rex is 3C-unconditional, for every
K € K44, we have, for i =1,2,3,

H Z B fi k
keK

| = “ > Belfie+ fan + f3,k)H < 3%C.
keK

Thus,

H Z Br(zx ~ yk)” < H Z 5kf1,k|l + ” Z ﬁkfz,k” + 9
keK rek e

> ﬂkfa,k” <3%C.
keK

Moreover, since |ci| < 2710 and |bx| < 2710 for k € L3, by (12) we have

(14) |ak — by +cr — dkl > 29 for k€ Ls.
Therefore
(5 s =) = [ -8 )|
keK keK
> 21D Bel(ar —bi) + (e — dk))f4,kH
keK

> C7le %y

Using (2) once more we get 3342C34¢ lu.st(Y) > C~12794, 1) which implies
(10). This completes the proof of case (i).

In case (ii) the proof is very similar and let us describe necessary modifications.
Set v, = 6,1,{2 form=1,2,.... For k=1,2,... and k € Az, N A3 5, for some
m=1,2,...and s=1,2,..., set

- + +
(15) Tk Ysfor +fak +fak
Ye = Ymfik + f3,k-

Again, (11) is satisfied. Fix an arbitrary ¢t = 1,2,..., and define M;, for
i = 1,2,3 as before. Using the fact that ||I: Fy |k — Filk|| > 7.2, for every
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K € K3, and every m € M,, one can show, using (7) and (2) in a similar way
as before, that there is a set Ly = {Im }mem, € L(A2)|m, such that

(16) le, | < 342°C3Cy,, Lust(Y)  for m e M,

One can additionally assume that |c;, | < 2710 for all m € Ma, otherwise, since
min My > ¢t implies v,, < v, we would immediately get (10) with a = 1/2.
Now for every s € Mj consider the set B = Lo N Az, € K3, and pick a

sequence {0 }rep such that
30 Befar]| =1 and |3 Bufan]| 2777
keB keB

If Mg , denotes the set of indices m € M, such that [, € Ly N A3 ; = B, then

(17) HZ /3kka YmlBr, | +1< 27+ 1,
me Mz .
where the first term in the estimate is obtained by first using the triangle
inequality and then using the fact that since {f3,. }mem, , is a monotone basic
sequence, then |3, | <2 foralll,, € B
We also have

HT(Z ,Bkyk)“ > s Z,Bkbku,k”
keB keB
> C ™y, mf Ible Z Brf2 k”
kELGAg s
2 O kELiznﬁan,. 1l

Thus there exists a set L € L(A3) | Mz, Ls = {I}sems, such that Lz C Ly and
(18) b | < 42(2y + 1)CP, Lust (Y)  for s € Ms;

and since min M3 > t implies v, < v;, one can additionally assume that |bg«' | <
2710 for all s € Mas.

Finally set K = L3 N Ay: € Ky, Pick a sequence {Bi}rek such that
| > ke Befarll = 1and || 34c ke Befarll > 472, Then, by the triangle inequality
and by the monotonicity of the basis {fs « }x we get, similarly as in (17),

”Zﬂk Tk — Yk ”<2 Z Tm +2 Z %+Hzﬂkf4k”<1+47

keK SEM3
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On the other hand, by (12), (16) and (18) we again have (14). Thus

[7(3 Btz —w))| 2 || X Beler = b0) + (e = du) o
kek keK
> 070 Y Bufas]| 2 071202
keK
Using (2) we get Lust(Y) > (2'3(1 + 49)C%)~'4,7%, hence (10) follows,
completing the proof of case (ii). n

3. Subspaces of spaces with unconditional basis

Our main application of the construction of Theorem 2.1 is the following result

on subspaces of spaces with unconditional basis.

THEOREM 3.1: Let X be a Banach space with an unconditional basis and of
cotype r, for some r < oo. If X does not contain a subspace isomorphic to lo
then there exists a subspace Y of X without local unconditional structure, which
admits a Schauder basis.

In particular, every Banach space of cotype r, for some r < 0o, contains either
1, or a subspace without unconditional basis.

We present now the proof of the theorem, leaving corollaries and further
applications to the next section.

The argument is based on a construction, for a given Banach space X, of a
direct sum inside X of subspaces F; of X, and of partitions A; of N such that
Theorem 2.1 can be applied. This construction requires several steps.

The first lemma is a simple generalization to finite-dimensional lattices of the
fact that the Rademacher functions in L, are equivalent to the standard unit
vector basis in [5.

LEMMA 3.2: Let E be an N-dimensional Banach space with a 1-unconditional
basis {e;}; and for 2 < r < oo let C.(E) denote the cotype r constant of E. If
m < logy N then there exist normalized vectors fi,..., fm in E, of the form

(19) fi= Z€§l)ajej forl=1,...,m,
il

for some sequence of scalars {a;} and sg.l) =xlforl=1,...,mandj=1,...,N;
and such that

(20) equiv (SPan [£i], l;") <C,
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where C depends on v and on the cotype r constant of E.

Proof: Since F is a discrete Banach lattice, the cotype r assumption implies that
E is g-concave, for any ¢ > r (cf. [L-T.2]). Setting e.g., ¢ = 2r, the g-concavity
constant of E depends on r and C,(E). By a lattice renorming we may and will
assume that this constant is equal to 1 (cf. [L-T.2] 1.d.8); the general case will
follow by adjusting C.

For 1 < p < 00, let || - ||z, be the norm defined on RY by ||¢]z, = (N™* Z;V=1
|t;|P)1/P, for t = (¢;) € RV. It is well known consequence of Lozanovski’s theorem
(see [T], 39.2 and 39.3 for a related result) that there exist a; >0, j=1,..., N,
such that

N
(21) [z, <N estiesll < lltle,  fort=(t;) € RY.
j=1

Fix an integer m < log, N. By Khintchine’s inequality there exist vectors
T = {r[(j)}?’:l, with r)(j) = +1 for j = 1,...,N, l = 1,...,m, such that for
every {b;) € R™ we have

22) 272 M2 <Y bl < 1Y bimill, < Co(d b)Y,
=1 =1 =1 =1

Setting f; = Z?]:l ri(j)ajej, for I =1,...,m, we get, by (21),

m m N m m
IS brll, 1Y 0ufill = 1Y 05O bim(i)esll < 1D bimille,
=1 =1 i=1 =1 =1

for every (b;) € R™. This combined with (22) completes the required estimate.
|

Remark: As it was pointed out to us by B. Maurey, Lemma 3.2 could be replaced
by the contruction of L. Tzafriri [Tz], which implies the existence of a function
@(N), with (N} — 00 as N — oo, such that for m < ¢(N) every N-dimensional
space E as in the lemma contains normalized vectors fi,..., fn satisfying (20),
which are of the form fi=a} ;L€ with an appropriate constant a.

The next proposition is the key for our argument. To simplify the statement,
let us introduce one more notation. Given a partition A = {A,}» of N into
consecutive intervals and a space F' with a normalized Schauder basis {f;}; and

C > 1, we call a pair {A, F} C-regular, if the following conditions are satisfied:
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(i) equiv (F|Am, l|2A'"|) <Cform=12,..,
(ii) for every L € L(A), the basis {fi}ier in F |y is l-unconditional (here £(A)
is as in (3));
(iii) for arbitrary L,L’ € £(A) one has equiv (F |, F |Ll) =1
Observe that condition (iii) means that if L = {lp}m, L' = {I],}m, with
Iy Il, € Ay, for m =1,2,. .., then for every sequence of scalars (b,,) one has

e AR

PROPOSITION 3.3: Let F1, F ... be Banach spaces of cotype r, for somer < oc.
Let {e;;}; be a 1-unconditional basis in E;, and assume that no sequence of
disjointly supported vectors in E; @ --- @ E; is equivalent to the standard unit
vector basis in lg, for i = 1,2,.... Then there exists C, depending on v and the
cotype r constants of E;, such that there exist subspaces F; C E; with normal-
ized Schauder bases {fi i}, and partitions A; = {A;m}m of N into consecutive
intervals, for i = 1,2,..., with A; > Ag > ---, satisfying the following: for each
i=1,2,... {A;, F;} is C-regular and one of the following mutually exclusive
conditions is satisfied: either for every L € L(A;) one has

(24) [1: 12 = Fi|p]l = o0,
or for every L € L(A;) one has
(25) H:la — Fi |l < 0.

Furthermore, one also has
(iv) If (24) holds for some %, then the partition A;1 = {Aiy1,m}m satisfies

(26) inf inf {2-3m||1; ML Rkl | K e rcm,m} > C.

On the other hand, let M denote the set (which may be empty) of all s € N
such that for every L € L(A,) one has ||I: Iy — Fs ||| < 0. Ifi € M, put
M; =M n{1,...,i}; then the partition A; 11 = {Ai1,m}m satisfies

(27) inf inf {2-3m||1: D( Y @Fs) i — 1) ’ Ke 1ci+1,m} > C.
seM;

Proof: In the first part of the proof we show that given space E of cotype r with
a l-unconditional basis {e;};, and a partition A = {4, }m of N into consecutive
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intervals, there exists a subspace F' C E with a normalized Schauder basis {f; };
such that {A, F} is C-regular, for an appropriate constant C, and that either
(24) or (25) is satisfied for every L € L(A).

For an arbitrary m = 1,2,..., let k., |A,] and let EM =
span{e; | 2F~ < j < 2¥=+1}. Since dim E(™) > 2%~ by Lemma 3.2 there
exist vectors f; € E™ for | € A, such that

I

(28) equiv (span [filiea,., &™) < C;

and there is a sequence {a;} of real numbers such that the f,’s are of the form

okm41
(29) fi= Z taje; for leA,, m=12,....
j=2km 41

We let F' = span[f];. Then (i) is implied by (28). Next observe that f; and
fr have consecutive supports, whenever [ € A,, and I’ € A,» and m # m/.
This and (28) easily yield that {f;}; is a Schauder basis in F. Also, {fi}icr is a
1-unconditional basis in F' |, for every L € £(A), which shows (ii).

By (29) we get that if (b,,) is a scalar sequence then for every L = {ln}m €
L(A), the vector Y, b fi,, is of the form

2Fm+1
Z bm Z taje;;
m j=2km 4]
a specific choice of the l,,’s which constitute the set L effects only the choice of
the signs in the inner summation. Since the basis {e;} is 1-unconditional, (23)
follows, hence (iii) follows as well.

Finally observe that for a fixed L € £(A), exactly one of conditions (24) and
(25) holds. Moreover, by (iii), the norms of the formal identity operators involved
do not depend on a choice of the set L € L(A).

We now pass to the second part of the proof, the inductive construction of A;’s
and F}’s, which ensures also condition (iv). Let Ay ,, = {m} form =1,2,... and
let Ay = {A1m}m-

Assume that i > 1 and that partitions A; > --- > A; and subspaces Fi,...,
F;_, have been constructed to satisfy conditions (i)-(iv). Let F; C E; be a
subspace constructed in the first part of the proof for A = A;. The construction
of A;+1 depends on which of two, (24) or (25), holds for F;.
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Assume first that (24) holds and fix an arbitrary set L € £(4;). Enumerate
L={l;}; withl; € A;jforj=1,2,.... Thereexist 1 = jo < j1 <+++ < jm < -
such that if J,, = {jm-1 < j < Jm}, then

(30) I Byl [ > C22%™ form=1,2,....
We then set
(31) Aipim = U A;;  form=1,2,....

JE€JIm

By (23) and (30) it is clear that (26) is satisfied in this case.

Assume now that (25) holds, so ¢ € M. There is a constant C’ such that for
all s € M; the estimate ||I: Is — F,|L|| < C’ holds for all L € £(A,); hence also
for all L € £(A;), since sets from £(A;) are subsets of sets from L({A,), for every
s < 1. Fix an arbitrary L € £{A;). We then have

M1 = D(S" @F,) il < [Mi| €.
SEM,;
Note that if [,I’ € L € L£(A;) and I # I’ then fs, and f;+ have consecutive
supports, hence {fs }icr forms a block basis of {e, ;};, for s € M;. Therefore by
our assumptions, the basis {)_ ¢y fsitier in D(3_ ¢ py, ©F5) is not equivalent
to the standard unit vector basis in l;. Thus

(32) (11: D( Y @FS) L — L] = oo.
seM;
Now the construction of a partition A;,; satisfying (27) is done by formulas
completely analogous to (30) and (31), in which the use of (24} is replaced by
(32). |

Finally, the proof of the main result follows formally from Proposition 3.3.

Proof of Theorem 3.1: Write X as an unconditional sum X = >, ®E;, of
13 spaces E;, each with a l-unconditional basis {e; ;};. Let Ay > --- > Ay3 be
partitions of N and F; C E; be subspaces with Schauder bases {f; ;}:, constructed
in Proposition 3.3. Renorming the spaces F; if necessary, we may assume that
the bases {f;:}; are monotone.

Now the C-regularity properties imply all the preliminary assumptions of
Theorem 2.1, including (7). To prove the remaining conditions (i) or (ii) ob-
serve that either there exist four consecutive spaces {F;, }i satisfying (25), or
(24) holds for some three (not necessarily consecutive) spaces {F, }x.
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In either case, we let Ay = A;, and F}, = F;,, for k = 1,...,4 (in the latter
case we set 14 = i3 +1).

It is easy to check that in the former case, (25) yields (27), while in the
latter case (24) yields (26). Thus the remaining assumptions of Theorem 2.1
are satisfied with 6,, = 27°™, which concludes the proof. |

4. Corollaries and further applications

Recall a still open question whether a Banach space whose all subspaces have
an unconditional basis is isomorphic to a Hilbert space. From results on the
approximation property by Enflo, Davie, Figiel and Szankowski, combined with
Maurey-Pisier-Krivine theorem, it follows that such a space X has, for every
€ > 0, cotype 2+¢ and type 2—¢ (cf. e.g., [L-T.2], 1.g.6). Theorem 3.1 obviously
implies that X has a much stronger property: its every infinite-dimensional sub-
space contains an isomorphic copy of l5. A space X with this property is called
ly-saturated.

THEOREM 4.1: Let X be an infinite-dimensional Banach space whose all sub-

spaces have an unconditional basis. Then X is ls-saturated.

Another well known open problem, going back to Mazur and Banach, concerns
so-called homogeneous spaces. An infinite-dimensional Banach space is called
homogeneous if it is isomorphic to each of its infinite-dimensional subspaces. The
question is whether every homogeneous Banach space is isomorphic to a Hilbert
space. The same general argument as before shows that a homogeneous space X
has cotype 2 + ¢ and type 2 — ¢, for every ¢ > 0. W. B. Johnson showed in [J]
that if both X and X* are homogeneous and X has the Gordon-Lewis property,
then X is isomorphic to a Hilbert space. More information about homogeneous
spaces the reader can find in [C]. The following obvious corollary removes the
assumption on X*, however it requires a stronger property of X itself.

THEOREM 4.2: If a homogeneous Banach space X contains an infinite uncon-
ditional basic sequence then X is isomorphic to a Hilbert space.

Let us recall here that it was believed for a long time that every Banach space
might contain an infinite unconditional basic sequence. This conjecture was
disproved only recently by W. T. Gowers and B. Maurey in [G-M), who actually
constructed a whole class of Banach spaces failing this and related properties.
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Let us now discuss some easy consequences of the main construction, which

might be of independent interest.

COROLLARY 4.3: Let X = F1 & --- @ Fy be a direct sum of Banach spaces
of cotype r, for some r < oo, and assume that F; has a I-unconditional basis
{fish. fori=1,...,4. Assume that the basis {f;;}; dominates {fi11,}i, and
that no subsequence of {fi i}, is equivalent to the corresponding subsequence
of {fiz1.h, for i = 1,2,3. Then there exists a subspace Y of X without lo-
cal unconditional structure, which admits an unconditional decomposition into

2-dimensional spaces.

Proof: Let Ay = --- > Ay be arbitrary partitions of N into infinite subsets
{A;m}. The domination assumption implies (7). On the other hand, the second
assumption allows for a construction of partitions which also satisfy (9). Hence

the conclusion follows from Theorem 2.1 and Remark 2 above. 1

Remark: In fact, Corollary 4.3 can be proved directly from Proposition 1.1. To
define z; and y;, spanning Zg, let Ay = {B,, }m be any partition of N into infinite
sets and write each B, as a union B,, = |J,, Bm,» of an infinite number of infinite
sets By n. (Using the natural enumeration of N x N, we get this way a partition
Ay = {Bmn}mn With Ay > Ag.) Then for k € By, n, with m,n =1,2,... put

Tp = 27Meqx  tesr  t+eqk

Y = 277" Teyx +e3 k-

The rest of the proof is the same as in case (ii) of Theorem 2.1.

If {z;} is a basic sequence in a Banach space X, and 1 < p < 0o, we say that
I, is crudely finitely sequence representable in {z;} if there is a constant C > 1
such that for every n there is a subset B,, C N such that {z;}icp, is C-equivalent

to the unit vector basis in l;.

COROLLARY 4.4: Let X be a Banach space of cotype r, for some r < 00, and
with a 1-unconditional basis {e;};; let 1 < p < co. Assume that no sequence
{z;}; of disjointly supported vectors of the form z; = Yie L € where |L;| < 3
for j =1,2,..., is equivalent to the unit vector basis of l,. Moreover assume that
X has one of the following properties:

(i) I, is crudely finitely sequence representable in {e:};, and the basis {e:}:

either is dominated by or dominates the standard unit vector basis in l,;
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(ii) I, is crudely finitely sequence representable in every subsequence of {e;}:.
Then X contains a subspace Y without local unconditional structure, which

admits a 2-dimensional unconditional decomposition.

Proof: First observe a general fact concerning a basis {e;}; whose no subsequence
is dominated by the standard unit vector basis in I,. An easy diagonal argument
shows that if a partition A = {A;}; of N into finite sets is given then for an
arbitrary M and every jo € N there is j; > jo such that for any set KX C N such
that | K| = j1—jo and |KNA;| = 1for jo < j < j1, one has ||I: 1! = E (k|| > M.
In particular, given constant C, there exists a partition A’ = {A] },, of N, with
A > A’ such that for every m = 1,2,... and for every K € K(A/,, A) one has

(33) 11 KV — E ||| > € 25™.

Now, in case (i), write X as a direct sum E; @ - -- @ Fy4, such that each E;
has a 1-unconditional basis {e;;};. Assume that the basis {e;}; dominates the
basis in I, hence so does every basis {e:,1 }i- Using the general observation above,
we can define by induction partitions A; = --- > A4 and subsequences {f; ;};
of {e; 1}, so that for all k and all A = Ay, € Ay, sequences {fi..i}jca are
C-equivalent to the standard unit vector basis in l,IDA', and at the same time, the
spaces span |f;, ;ljex, With K € Kii1,m, satisfy the lower estimate (33). Thus
(9) is satisfied (with 6, = 273™).

If the basis {e;}; is dominated by the basis in [, so is every basis {ei 1}, and
also all bases in D(E; & --- @ E;), for ¢ = 1,2,3. An analogous argument as
before, which additionally requires the assumption on sequences {z;}, leads to a
construction of partitions satisfying (8). Then the existence of the subspace Y
follows from Theorem 2.1 and Remark 1 after its statement.

In case (ii), write X = E; @ --- @ E;. By passing to subsequences we get
that for each i, each subsequence of the basis {e; };, either is dominated by or
dominates the standard unit vector basis in l,, for i = 1,...,7. Therefore there
is a set I = {i1,...,44} such that for all i € I, the bases {e;;}; have the same,
either former or latter, domination property. Then the proof can be concluded

the same way as in case (i). 1

For 1 < ¢ < oo, the space L4([0,1]) contains a subspace isomorphic to X =
(3, ®l3)q, which, for g # 2, satisfies the assumptions of Corollary 4.4 (i) for
p = 2. Therefore L,([0,1]) contains a subspace without local unconditional
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structure but which admits a 2-dimensional unconditional decomposition. By
Remark 2 in Section 2, this subspace has the Gordon-Lewis (GL-) property. For
1 < g < 2, this gives a somewhat more elementary proof of Ketonen’s result [Ke].
For 2 < q¢ < oo the construction seems to be new. Ketonen’s result could be
also derived from Corollary 4.3 by noticing that in this case the space Ly([0,1])
contains a subspace isometric to (lg, ® -+ @ lg,)g, for 1 <g< g1 < -+ < gy <2
(cf. e.g., [L-T.2], 2.£.5).

Corollary 4.4 can also be applied to construct subspaces without local uncon-
ditional structure in p-convexified Tsirelson spaces T, and in their duals. This
solves the question left open in [K]. The spaces T3 and T(y provide the most
important examples of so-called weak Hilbert spaces, and they were discussed in
[P]. For general p and notably for p = 1, these spaces were presented in detail in
[C-S]. First construction of a weak Hilbert space without unconditional basis was
given by R. Komorowski in [K] by a method preceeding the technique presented
here.

COROLLARY 4.5: The p-convexified Tsirelson space T(y), for 1 < p < oo, and
the dual Tsirelson T(*p), for 1 < p < o0, contain subspaces without local uncon-
ditional structure, but which admit 2-dimensional unconditional decomposition;
in particular they have the Gordon-Lewis property.

Proof: The spaces T(p, and T(*;J) satisfy the assumptions of Corollary 4.4, both
(i) and (ii), for p and p’, respectively. |
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